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Abst ract - -B lock  Runge-Kutta methods with minimal phase-lag for first order periodic initiai- 
value problems are developed. It should be noted that the new methods are based on the Runge- 
Kutta methods of algebraic order three, and on a new error estimate introduced in this paper. The 
numerical results indicate that these new methods are efficient for the numerical solution of differential 
equations with periodic solutions, using variable step size. 
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1. INTRODUCTION 
We consider the numerical solution of systems of ODEs of the form 
y '  -- f(x, y) (1) 
with an oscillating solution. 
It is worthy of notice that the last few years new methods [1-5] have been developed for the 
numerical solution of (1) characterized by the phase-lag property introduced by Brusa and Nigro 
[6]. To these methods should be added also mul t i s tep  methods  w i th  min ima l  phase- lag  
dealing with the numerical integration of the initial value problem: 
y" =/(z, y) (2) 
The reader is referred to the pioneering works of [6-9] as well as to the works of [10-16]. All of 
these papers deal with methods of various orders, and recently works have been published [13,15] 
dealing with the treatment of the same problem but of orders up to infinity. 
The purpose of this paper is to developed an explicit block Runge-Kutta method with minimal 
phase-lag for periodic initial-value problems. It should be noted that these methods are based on 
Runge-Kutta methods of algebraic order three, and on a new error estimate introduced in this 
paper. 
2. DERIVAT ION OF  THE NEW METHODS 
To develop the new method, we use the test equation, 
y' = ivy, v real. (3) 
The authors wish to thank D.G.M. Anderson for his careful reading of the manuscript and his fruitful comments 
and suggestions. 
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Based on the reasons fully described in Houwen et al. [1], we shall confine our considerations 
to homogeneous phase-lag, and based on its definition given in [1], we shall use a test equation 
with an exact solution of the form e ivx. However, as it is shown by our numerical results, 
inhomogeneous problems can be successfully dealt with by increasing the order of homogeneous 
phase-lag. By comparing the exact and the numerical solution for this equation, and by requiring 
that these solutions are in phase with maximal order in the step-size h, we derive the so-called 
phase-lag relation. 
For first-order equations, we write the m-stage (k + 1)-block explicit Runge-Kutta method in 
the matrix form given in Table 1. 
We have the following definitions. 
DEFINITION 1. We call a Runge-Kutta method an embedded method when a local phase-lag 
error estimate is included. This local phase-lag error estimate is obtained from the difference 
between the m-stages of the method which produce a numerical solution yL+ l of phase-lag order 
q and the (m + 1)-stages of the method which produce a numerical solution yH+l of phase-lag 
order q + 2. 
DEFINITION 2. We call a Runge-Kutta method a k-block method when it consists of k embedded 
Runge-Kutta schemes. 
Based on Table 1, we have that for an explicit m-stage s-block Runge-Kutta method the 
quantity Yn+l is given by 
•(0) n+l  ---~ yn ,  
q-1  
~(q) + h Zgq,p f (xn-1  + aph, Yn+l), n+l  = Yn (P) 
p=0 
. ( s )  
Yn+l  ~ Yn+l ,  
q---- 1 , . . . , s ,  (4) 
where aj = 1 for j > m, gi,j = bi,j for i = 1 , . . . ,m,  j -- 1 , . . . , i -  1, gi,j = d~,j for i = m + 1, 
j = 1 , . . . , i -1  andg~,j = cr, t fo r /=  m+2, . . . ,m+k, j  = 1 , . . . , i - l , r  = O, . . . , k , t  = O, . . . ,m+k.  
The phase-lag error estimate is given by: 
(8) a (8- -1)  
TEC = Yn+l - ~n+l  [" (5) 
So it is obvious that the block method  is very useful for cases in which we want to use a variable 
step procedure. 
Application of the above method to (3) yields the numerical solution 
Yn = an.yo and a. = Am,k(H 2) + iHBm,k(S2),  H = vh, (6) 
where 
Am,k(H 2) = 1 - t2H 2 + t4H 4 + t sHS. . . ,  (7) 
Bm,k(H 2) = 1 - tal l  2 + tsH 4 + tTHS . . . , 
are polynomials in H 2, completely defined by Runge-Kutta parameters ai, bij and Ck,l, i = 
1 , . . . ,  m, j = 1, . . . ,  i - 1, I = 0 , . . . ,  m + k. The dissipative factor is a, = a.(H),  and Yn denotes 
the approximation to y(x,) ,  where x ,  = nh, n = O, 1 , . . . .  
A comparison of (6) with the solution of (3), leads to the following definition of the dispersion 
or phase error or phase-lag and the dissipative rror. 
DEFINITION 3. (see [5]) In the explicit m-stage ( k + 1)-block Runge-Kutta method, presented in 
Table 1, the quantities 
t (H)  = H - a rg[a , (H) ] ,  a (H)  = 1 - l a , (H) l  (8) 
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are, respectively, called the phase-lag and the dissipative rror. I f  t (H) = O( H r+ l ) and a( H) = 
O(Hs+l), then the method is said to be of phase-lag order r and dissipative order s. 
REMARK 1. (See [5]) From the definition (8) it follows that 
a(H) = 1 - ~/[A2,k(g 2) + H2B2m,k(H2)]. (9) 
The interval ( 0, H), for which a(H) >_ O, is called interval of imaginary stability. 
Also we have the following theorem (for the detailed proof, see [5]). 
THEOREM 1. For the Runge-Kutta method given by Table 1 and (6), we have the following 
formula for the direct calculation of the phase-lag order r and the phase-lag constant c
[ Bm'k(H2)] = cH r+l O(Hr+3). (10) tan(H) - H [ ~  + 
Based on the formula (10) and from (7), we derived in Table 2 the phase-lag relations for a 
third algebraic order method. 
Table 2. Phase-Lag conditions of the RK method of algebraic order three. 
Phase-Lag Order 
10 
12 
14 
16 
18 
20 
Phase-Lag Conditions 
1 1 
t~ = ~ t3 = 
1 
t4 -- t5 -- 
3O 
4 
t4 ~- 3t6 -- 3t7 = 
105 
2t4 -l- 5t6 -{- 15t8 -- 15t9 = 
29 
378 
323 
495 
17t4 -}- 42t6 + 105t8 + 315t10 -- 315tll ----- 
1021 
62t4 + 153t6 + 378t8 + 945t10 + 2835t12 -- 2835t13 = . - -  
429 
1382t4 + 3410t6 + 8415ts + 20790tio + 51975t12 + 155925t14 
217241 
--155925t15 = ~  
4095 
21844t4 + 53898t6 + 132990t8 + 328185tlo + 810810t12 
2993509 
+2027025t14 + 6081075t16 - 6081075t17 = - -  
3570 
929569t4 + 2293620t6 + 5659290t8 + 13963950tlo + 34459425t12 
103730599 
+85135050t14 + 212837625t16 + 638512875t18 - 638512875t19 -- - -  
2907 
3. DERIVAT ION OF  SOME 
BLOCK RUNGE-KUTTA METHODS 
3.1. A 5-Block 4-stage Runge-Kutta Method 
Based on a method of Houwen (method (3.8) of [1]), we obtain the following explicit block 
Runge-Kutta (BRK) method. 
If we apply any stage of the method of Table 3 to the test equation (3), we have the following 
theorem. 
THEOREM 2. The method described in Table 3 with coefficients ckj, l = 0 , . . . ,  m + k given in 
the Appendix is a 5-block 4-stage Runge-Kutta method with phase-lag orders and intervals of 
imaginary stability given in Table 4. 
See Appendix A for a detailed proof. 
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Table 3. A 5-Block 4-stage Runge-Kutta method (BRK54). 
0 
128 
429 
256 
595 
8 
15 
2 
0 
128 
429 
1 429 
2380 
1 17 
o 6--6 
1 5 
o o 1~ 
1 3 
o o o ~- 
C0,0 C0,1 C0,2 C0,3 C0,4 
Cl,0 C1,1 Cl,2 Cl,3 Cl,4 
C2,0 C2,1 C2,2 C2,3 C2,4 
C3,0 C3,1 C3,2 C3,3 C3,4 
C4,0 C4,1 C4,2 C4,3 C4,4 
C0,5 
C1,5 CI,6 
C2,5 C2,6 C2,7 
C3,5 C3,6 C3,7 C3,8 
C4,5 C4,6 C4,7 CA,8 c4,9 
Table 4. Phase-Lag and interval of imaginary stability for the 5-block 4-stage Runge- 
Kutta method given in Table 3. 
Stage Phase-Lag Interval ofimaginarystabiHty 
Hi1 
0 2.02797 
2182950 
H13 
1 5.12464 
255405150 
H15 
2 5.87517 
42141849750 
H 17 
3 6.62422 
9313348794750 
H19 
4 7.37550 
2654304406503750 
Table 5. A 5-Block 5-stage Runge-Kutta method (BRK55) 
0 
512 
1899 
512 
1415 
160 
357 
8 
15 
2 
1 
512 
0 
1899 
1 633 
5660 
1 283 
0 1428 
1 17 
o o 6-6 
1 5 
0 0 0 1--2 
1 
o o o o 
bo,o bo,1 bo,2 bo,3 bo,4 
bl,o bl,1 bl,2 bl,3 bl,4 
b2,0 b2,1 b2,2 b2,3 b2,4 
b3,0 b3,1 b3,2 b3,3 b3,4 
b4,0 b4,1 b4,2 b4,3 b4,4 
3 
bo,s bo,o 
bl,5 bl,6 
b2,5 b2,6 
b3,5 b3,6 
b4,5 b4,e 
51,7 
b2,7 b2,s 
b3,7 b3,8 b3,9 
b4,7 b4,8 b4,9 b4,1o 
3.2. A 5 -B lock  5 -s tage  Runge-Kut ta  Method  
Based on another method of Houwen (method (3.9) of [1]), we obtain the following explicit 
block Runge-Kut ta  (BRK) method. 
If we apply any stage of the method of Table 5 to the test equation (3), we have the following 
theorem. 
THEOREM 3. The method described in Table 5 with coefficients bk,l, I = 0,. . .  ,m + k given in 
the Appendix is a 5-block 5-stage Runge-Kutta method with phase-lag orders and intervals of 
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imaginary stability given in Table 6. 
Table 6. Phase-Lag and interval of imaginary stability for the 5-block 5-stage Runge- 
Kutta method given in Table 5. 
Stage Phase-Lag Interval ofimaginarystabil ity 
0 - 255405150 2.32154 
H15 
1 5.87517 
4214184975O 
H17 
2 6.62422 
9313348794750 
H19 
3 7.37550 
2654304406503750 
H21 
4 - 9475~6673121~3~75~ 8.13059 
See Appendix B for a detailed proof. 
4. NUMERICAL  I LLUSTRATIONS- -D ISCUSSION 
4.1. Local Phase-Lag Error Estimate 
There are a lot of problems in the applied sciences and engineering which are expressed by dif- 
ferential equations with periodic solutions. These equations may have highly oscillatory solutions, 
and the methods described in the previous ections can be used for their numerical approximation 
to the accuracy required. 
The block methods described in this paper are used for the solution of the problem (1), for 
problems of higher order which can be analyzed on a set of first order equations, and for inho- 
mogeneous problems. 
Our error control strategy is simple. At every xn we control, for the k block, the estimate of 
the  loca l  phase- lag  er ror  TEC. The TEC is, for every block, i.e., for an embedded method ,  
the  dif ference between the approx imat ion  of the  so lut ion y(xn), L Yn+l, which is obta ined  using 
the  method  with phase-lag of low order and the  approx imat ion  of the  so lut ion y(xn), ygn+ 1, which 
is obta ined  using the  method  with phase-lag of high order (see the  def in i t ion 1 and the  formula  
(5)). 
If TEC is less than the maximum allowable local error TOL given by the user, then we use 
this block to calculate the solution at xn and the new step size is given by 
{TEL} 1/q 
hnew = 0.9hold ][TEC[[oo ' (11) 
where  q is the  phase- lag order  of  the  successful k block. I f  TEC is greater  than  the  max imum 
al lowable local error  TOL, then  we repeat  the  prev ious developed s t ra tegy  for the  k ÷ 1 block. 
Table 7. Model Problem. Comparison of the absolute rrors in the approximations 
obtained by using the new BRK method for various TOL's. h0 = initial step-size = 
0.01. No F. EV. ---- Number of Function Evaluations. Max Abs Err ---- The Maximum 
Absolute Error. 
New BRK54 Method New BRK55 Method 
TOL hmax No F. EV. Max Abs Err hmax No F. EV. Max Abs Err 
10 -2 0.131 821 2.03 10 -2 0.272 794 1.78 10 -3 
10 -3 0.091 1335 3.87 10 -3 0.185 1243 5.48 10 -4 
10 -4 0.038 2335 6.98 10 -4 0.085 2241 4.34 10 -5 
10 -5 0.031 4120 9.84 10 -5 0.065 4075 2.17 10 -6 
10 -6 0.019 7306 7.31 10 -6 0.042 7234 8.48 10 -7  
i0 -7  0.010 12981 8.18 i0 -7 0.021 12657 2.35 i0 - s  
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Table 8. Inhomogenous Equation. Comparison of the absolute rrors in the approx- 
imations obtained by using the new BRK method for various TOL's. /to -- initial 
step-size -- 0.001. No F. EV. -- Number of Function Evaluations. Max Abs Err --- 
The Maximum Absolute Error. 
75 
New BRK54 Method New BRK55 Method 
TOL hmax No F. EV. Max Abs Err hmax No F. EV. Max Abs Err 
10 -~ 0.302 548 1.72 10 -2 0.545 457 4.43 10 -3 
10 -3 0.135 1299 1.15 10 -3 0.265 1237 5.67 10 -4 
10 -4 0.057 2294 7.59 10 -4 0.110 2211 2.23 10 -2 
10 -5 0.008 4025 6.32 10-5 0.015 3975 3.45 10-6 
10 -6 0.006 7115 2.17 10 -6 0.013 7025 1.45 10 -7 
10 -7 0.005 13457 4.43 10 -7 0.011 13239 7.89 10 -8 
4.2.  Mode l  P rob lem 
Consider the equat ion 
y:I°  oly 
with init ial  condit ion y(0)  = (1, 0) T. The exact solution is given by 
[ cos( x) 1 
Y = -s in (wx) J  " 
In Table 7, we present he max imum absolute errors in y(1) units in the integrat ion interval 
[0, xend], where xend = 20, for w = 10 and for various TOL's .  
4.3. Inhomogeneous Equation 
Consider the equat ion 
y" = -w2y  + (w 2 - 1) sin(t), t >_ 0 (12) 
with exact solution, 
y(x) = cos(wx) q- sin(wx) q- sin(x), w >~ 1. 
The exact solut ion of this problem consists of a rapidly and a slowly osci l lat ing function; 
the slowly varying function is due to the inhomogeneous term. The high-order phase- lag takes 
care of the rapid ly  osci l lat ing function and the algebraic order takes care of the slowly varying 
component.  In Table 8, we present he values of the maximum absolute errors in y for various 
TOL 's  and for w = 10. We call xend the end point of integration. Here xend -- 20. 
APPENDIX  A 
CONSTRUCTION OF THE 
BRK54 SCHEME. 
CASE I: PHASE-LAG OF ORDER 10. Appl icat ion of the first block of the BRK54 method to (3) 
leads to (6) with 
A4,1(H 2) = 1 - t2H 2 -t- t4 H4 -~- t6H 6, 
B4,1(H 2) = Co,o -t- c0,1 -t- c0,2 -t- c0,3 -[- c0,4 + Co,5 - t3 H2 ~- t5H 4, 
(14) 
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where 
t2 = 76160Co,1 + 143(768CO,2 + 119(8Co,3 + 5(2co,4 + 3CO,5))) 
255255 
t3 = 2880c0,2 + 17(384CO,3 + 175(4CO,4 + 9Co,5)) 
53550 
t4 ---- 48Co,3 + 5(32Co,4 + 105co,5) (15) 
3150 
t5 = 2(co,4 + 6co,s) 
315, 
Co,5 
t6 = 210" 
The solution of the system of equations produced based on the relations given in Table 2 and 
on (15) is given by 
19499 1859 17 5 1 1 
Co,o = 80640' co,t = 80640' c0,2 = 2-~' co,3 = ~-~, Co,4 = ~, CO,5 = ~- (16) 
From (10) and for the values of parameters given above, we have that the phase-lag of the method 
is equal to 
t(H) = tan(H) HB4'I(H2) Hl l  
A4,1(H 2) = 218295-------0 + o(gZ3)" (17) 
For these values of Co,l, l = 0 , . . . ,  5, we have that the interval of imaginary stability is equal to 
(0,2.02797). 
CASE II: PHASE-LAO OF O~DER 12. Application of the second block of the BRK54 method to 
(3) leads to (6) with 
A4,2(H 2) = 1 - t2H 2 + t4H 4 + t6H 6, 
B4,2(H 2) -- Cl,O + c1,1 -t- Cl,2 + Cl,3 -{- Cl,4 -{- Cl,5 -~- Cl,6 -- t3H 2 + tsH 4 + t7H 6, 
(18) 
where 
76160c1,1 + 143(768Cl,2 + 119(8cl,3 + 5(20,4 + 3(Cl,5 + Cl,6)))) 
t2 = 255255 ' 
28800,2 + 17(384Cl,3 + 175(4Cl,4 + 9(Cl,5 + 0,6))) 
~;3 = 53550 
t4 = 48Cl,3 + 5(320,4 + 105(c1,5 + Cl,6)) 
3150 ' (19) 
4Cl,4 + 240,5 + 250,6 
t5 = 
630 
t6 = 3cl,s + 4Cl,6 
630 ' 
C1,6 
t7 ---- 1890" 
The solution of the system of equations produced based on the relations given in Table 2 and 
on (19) is given by 
70459 2327 697 
O,o = 295680' O,1 = 80640' ci,2 = 6336' 
235 8 5 1 
Cl,3 ~-- ~ '~,  C1,4 ---- ~'~, Cl,S : ~'~, C1,6 = 1"-~" 
(20) 
From (10) and for the values of parameters given above, we have that the phase-lag of the method 
is equal to 
t(H) = tan(H) HB4'2(H2) HiS 
A4,~(H 2) = 255405150 + O(HlS)" (21) 
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For these values of Cl,l, l = 0 , . . . ,  6, we have that the interval of imaginary stability is equal to 
(0,5.12464). 
CASE III: PHASE-LAG OF ORDER 14. Application of the third block of the BRK54 method to 
(3) leads to (6) with 
A4,3(H 2) -- 1 - t2H 2 + tdH 4 + t~H 6 + tsH s, 
Bd,3(H 2) -- c2,0 -4- c2,1 + a2,2 -~- c2,3 + c2,4 -~- c2,5 -~- c2,6 -~- c2,7 - t3 H2 + t5 H4 -{- t7 H6, 
(22) 
where 
t2 = 76160c2,1 + 143(768c2,2 + 119(8c2,3 + 5(2c2,4 + 3(c2,5 + c2,6 + c2,7)))) 
255255 
2880c2,2 + 17(384c2,3 + 175(4c2,4 + 9(c2,5 + c2,6 + c2,7))) 
t3 = 53550 ' 
48C2,3 + 5(32c2,4 + 105(C2,~ + C2,6 + c2,7)) 
t4 
3150 
44c2,4 + 264c2,5 + 5(c2,6 + 56c2,7) 
t5 = 
6930 
33c2,5 + 44c2,6 + 49c2,7 
t6 = 
6930 
11c2,6 + 17c2,7 
t 7 ~ 
20790 
C2,7 
ts - 20790" 
(23) 
The solution of the system of equations produced based on the relations given in Table 2 and 
on (23) is given by 
12977 35 11305 6125 
c2,0 -- 54912' c2,1 -- 1152' c2'2 = 82368' c2'3 - 20592' 
175 47 6 1 
c2,4 = 858' C2,s = 1287' c2,6 - 143' c2,7 = 1--3" 
(24) 
From (10) and for the values of parameters given above, we have that the phase-lag of the method 
is equal to 
t(H) = tan(H) HBd'3(H2) - H15 
Ad,3(H 2) 42141849750 + 0(H17)" (25) 
For these values of c2j, I -- 0 , . . . ,  7, we have that the interval of imaginary stability is equal to 
(0,5.87517). 
CASE IV: PHASE-LAG OF ORDER 16. Application of the fourth block of the BRK54 method to 
(3) leads to (6) with 
Ad,4(H 2) = 1 - t2H 2 + t4 H4 -{- t6H 6 -{- tsH s, 
Bd,4(H  2) = c3, 0 -~- c3,1 -~- c3, 2 -~- c3, 3 -~- c3, 4 -~- c3, 5 -~- c3, 6 
-~- C3, 7 -~- C3, 8 -- t3 H2  + t5 H4 + tTH 6 + t9 Hs ,  
(26) 
where 
76160c3,1 + 143(768c3,2 + 119(8c3,3 + 5(2c3,4 + 3(c3,5 + c3,6 4- c3,7 "4- C3,8)))) 
t2 ---- 
255255 
2880C3,2 + 17(384C3,3 + 175(4C3,4 + 9(C3,5 + c3,6 + c3,7 + Ca,s))) 
t3 = 
53550 
(27) 
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t4 ---- 
t5 = 
t6 = 
t7 = 
t8 = 
to = 
48c3,3 + 5(32c3,4 + 105(c3,5 + c3,o + c3,7 + c3,8)) 
3150 
572c3,4 + 3432c3,5 + 5(715c3,6 + 7(104~,7 + 105c3,8)) 
90090 
429c3,5 + 572c3,6 + 7(91c3,7 + 96c3,8) 
90090 
143c3,6 + 221c3,7 + 266c3,8 
270270 
13c3,7 + 23c3,8 
270270 ' 
~,8  
270270" 
(27,cont.) 
The solution of the system of equations produced based on the relations given in Table 2 and 
on (27) is given by 
193651 59 6307 1015 
c3'° - -  823680' c3'1 - 1920' c3'2 = 41184' c3'3 - 3432' 
105 1 1 7 1 
c3,4 = 572' c3,5 = ~-~, c3,6 = ~-~, c3,7 = 195' C3,s = ~-~. 
(28) 
From (10) and for the values of parameters given above, we have that the phase-lag of the method 
is equal to 
t(H) = tan(H) HB4'4(H2) -- H17 
A4,4(H 2) 9313348794750 + O(HI°)" (29) 
For these values of c3j, 1 = 0, . . . ,  8, we have that the interval of imaginary stability is equal to 
(0,6.62422). 
CASE V: PHASE-LAG OF ORDER 18. Application of the fifth block of the BRK54 method to (3) 
leads to (6) with 
A4,5(H 2) = 1 - t2H 2 + t4 H4 + tsH s + t8H 8 + tlo H10, 
B4,B(H 2) = c4,0 + c4,1 -~- c4,2 -~- a4,3 -+- c4,4 -+- c4,5 -+- c4,6 -+- d4,7 -+- C4,8 -+- C4,9 
- -  t3H 2 + tsH 4 + tTH 6 + t9H 8, 
(30) 
where 
76160c4j + 143(768c4,2 + 119(8c4,3 + 5(2C4,4 -{- 3(C4,5 + c4,6 + c4,7 + c4,8 -4- C4,9)))) 
t2 = 255255 ' 
t 3 ---- 
t4 = 
t5 = 
t6 = 
t7 = 
t8 = 
tO = 
t l0  --= 
2880c4,2 + 17(384c4,3 + 175(4c4,4 + 9(c4,5 + c4,0 + c4,7 -{- (34,8 -{- C4,9))) 
53550 
48c4,3 + 5(32c4,4 + 105(c4,5 + c4,6 + c4,7 + c4,8 +c4,9)) 
3150 
572c4,4 + 3432c4,5 + 3575c4,6 + 7(520c4,7 + 3(175c4,8 + 176c4,9)) 
90090 
429C4,5 + 572c4,8 + 7(91c4,7 + 3(32c4,8 + 33c4,9)) 
90090 
143c4,6 + 221c4,7 + 14(19c4,8 + 21c4,9) 
270270 
13c4,7 + 23c4,8 + 30c4,9 
270270 
C4,8 + 2C4,9 
270270 ' 
C4,9 
4054050" 
(31) 
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The solution of the system of equations produced based on the relations given in Table 2 and 
on (31) is given by 
145813 401 70 8575 49 
c4,o = 622336' c4,1 - 13056' c4,2 =4--~' c4'3 - 29172' C4'4 = 286' 
196 14 86 8 1 
c4,5 - 7293' c4,6 = 561' c4,7 - 3315' c4,s = 255' c4,9 =~-~. 
(32) 
From (10) and for the values of parameters given above, we have that the phase-lag of the method 
is equal to 
~(H) = tan(H) HB4'5(H2) - H19 
A4,5(H 2) 2654304406503750 + O(H21)" (33) 
For these values of c4,l, l = 0 , . . . ,  9, we have that the interval of imaginary stability is equal to 
(0,7.37550). 
APPENDIX  B 
CONSTRUCTION OF THE 
BRK55 SCHEME 
CASE I: PHASE-LAG OF ORDER 12. 
Application of the first block of the BRK55 method to (3) leads to (6) with 
A5,1(H 2) = 1 - t2H 2 + t4H 4 + t6 H6' 
B5,1(H 2) = bo,o + bo,1 + bo,2 + bo,3 -t- bo,4 + bo,5 + bo,6 - t3 H2 + tsH 4 + t7 H6' 
(34) 
where 
86213120bo,1 + 633(182784bo,2 + 283(800bo,3 + 119(8bo,4 + 5(2bo,5 + 3bo,6)))) 
t2 = 319763115 ' 
91392bo,2 + 283(768bo,3 + 85(16bo,4 + 7(4bo,5 + 9bo,6))) 
t3 = 
3030930 
960bo,3 + 17(192bo,4 + 25(20bo,5 + 63bo,6)) 
t4 = 
160650 
16bo,4 + 5(16bo,5 + 75bo,6) 
~5 = 9450 
2(bo,5+gbo,6) 
t6 = 2835 ' 
t7 = -- bo,6 
1890 
(35) 
The solution of the system of equations produced based on the relations given in Table 2 and 
on (35) is given by 
48201 633 849 
bo,o = 197120' bo,1 = 28160' bo,2 = 19712' 
17 15 1 
bo,3 = 352' bo,4 = bo,5 =~,  bo,6 =~.  
(36) 
From (10) and for the values of parameters given above, we have that the phase-lag of the method 
is equal to 
t(H) = tan(H) HBs'I(H2) H13 
As,I(H 2) = 255405150 + O(H15)" (37) 
For these values of bo,l, l = 0 , . . . ,  6, we have that the interval of imaginary stability is equal to 
(0,2.32154). 
CASE II: PHASE-LAG OF ORDER 14. 
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Application of the second block of the BRK55 method to (3) leads to (6) with 
As,2(H 2) = 1 - t2H 2 + t4H 4 + tsH s + tsH s, 
(38) 
Bs,2(H 2) = bl,o + b1,1 + bl,2 -{- bl,3 + bl,4 + b1,5 + bl,6 -}- bl,7 - t3 H2 + t5 H4 + tzH 6, 
where 
86213120b1,1 + 633(182784bl,2 + 283(800bl,3 + 119(8bl,4 + 5(2bl,5 + 3(bl,6 + bl,7))))) 
t2 -- 
319763115 
91392bl,2 + 283(768bl,3 + 85(16bl,4 + 7(4bl,5 + 9(bl,6 + bl,7)))) 
t3 = 3030930 ' 
960b1,3 + 17(192bl,4 + 25(20bl,5 + 63(bl,6 + bl,7))) 
t4 = 160650 ' 
t5 = 176bl,4 + 5(176bl,5 + 15(55b1,6 + 56bl,7)) 
103950 
44b1,5 + 9(44b1,6 + 49bl,7) 
t6 = 62370 
11bl,6 + 17b1,7 
t7 = 20790 ' 
51,7 
ts = 20790" 
(39) 
The solution of the system of equations produced based on the relations given in Table 2 and 
on (39) is given by 
1245547 18357 12169 1139 
bl,0 - 5125120' b1,1 = 465920' bl,2 = 256256' bl,3 = 9152' 
405 141 6 1 
bi,4 - 1144' bl,5 = 572' bi,6 = 143' bl,7 =~--~. 
(40) 
From (10) and for the values of parameters given above, we have that the phase-lag of the method 
is equal to 
t(H) = tan(H) HB5'2(H2) H15 
Aa,2(H 2) = 42141849750 + O(H17)" (41) 
For these wlues of blj, l = 0 , . . . ,  7, we have that the interval of imaginary stability is equal to 
(0,5.87517). 
CASE III: PHASE-LAG OF ORDER 16. Application of the third block of the BRK55 method to 
(3) leads to (6) with 
A5,3(H 2) = 1 - t2H 2 + t4H 4 + tell 6 + tsH s, 
Bs,3(H 2) = b2,0 + b2,1 + b2,2 + b2,3 + b2,4 + b2,5 + b2,6 
+ b2,7 + b2,8 - t3 H2 + t5 H4 + t~H 6 + t9H s, 
(42) 
where 
8621312052,1+633(182784b2,2+283(800b2,3 + 119(8b2,4 +5(2b2,5+3(b2,6 +b2,7+b2,8))))) 
t2 = 319763115 
91392b2,2 + 283(76852,3 + 85(16b2,4 + 7(4b2,5 -}- 9(b~,6 + b2,7 + b2,s)))) 
t3 = 3030930 ' 
(43) 
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t4 = 
t 5 = 1351350 
572b2,5 + 9(572b2,6 + 637b2,7 + 672b2,8) 
t6 = - 
810810 
143b2,6 + 221b2,7 + 266b2,8 
t7 : 
270270 
13b2,7 + 23b2,s 
ts = 270270 ' 
t9 ---- b2,s 
270270" 
960b2,3 + 17(192b2,4 + 25(20b2,5 + 63(b2,6 + b2,7 + b2,s))) 
160650 
2288b2,4 + 5(2288b2,5 + 15(715b2,6 + 7(b2,7 + 105b2,8))) 
(43, cont.) 
The solution of the system of equations produced based on the relations given in Table 2 and 
on (43) is given by 
248201 51273 1415 765 
b2,0 - 1025024' b2,1 - 1025024' b2,2 = 32032' b2,3 - 4576' (44) 
795 9 1 7 1 
b2,4 - 2288' b2,5 ---- ~ ,  b2,6 = ~-~, b2,7 -- 195' b2,s = ]-~. 
From (10) and for the values of parameters given above, we have that the phase-lag of the method 
is equal to 
t(H) = tan(H) HB5'3(H2) - H17 
As,3(H 2) 9313348794750 + O(H19)" (45) 
For these values of b2,1, I = 0 , . . . ,  8, we have that the interval of imaginary stability is equal to 
(0,6.62422). 
CASE IV: PHASE-LAG OF ORDER 18. 
Application of the fourth block of the BRK55 method to (3) leads to (6) with 
A5,4(H 2) = 1 - tzH 2 + t4H 4 + t6H 6 + tsH s + tlO Hi°, 
B5,4(H 2) = b3,0 + b3,1 + b3,2 + b3,3 + b3,4 + b3,5 + b3,6 (46) 
+ b3,7 + b3,8 + b3,9 -- t3H 2 + t5H 4 + t7H 6 + t9H 8, 
9 86213120b3,1 + 633(182784b3,2 + 283(800b3,3 + 119(8b3,4 + 5(2b3,5 + 3 ~i=6 b3,~)))) 
where 
t2 = 
319763115 
9 9139263,2 + 283(768b3,3 + 85(16b3,4 + 7(4b3,5 + 9 ~-~i=6 ba#))) 
t3 = 3030930 
9 b 960b3,3 + 17(192b3,4 + 25(20b3,5 + 63~__~ 3#)) 
t4 = 160650 ' 
2288b3,4 + 5(2288b3,5 + 15(715b3,6 + 7(520b3,7 + 3(175b3,8 + 176b3,9)))) 
t5 = 
1351350 
810810 
t7 = - 143b3,6 + 221b3,7 + 14(19b3,8 -t- 21b3,9) 
270270 
ts = 13b3,7 + 23b3,8 + 30b3,9 
270270 
t9 _ b3,8 q- 2b3,9 
270270 ' 
b3,9 
~10 : 4054050" 
572b3,5 + 9(572b3,6 + 7(91b3,7 + 3(32b3,8 + 33b3,9))) 
C~4~31~1-G 
(47) 
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The solution of the system of equations produced based on the relations given in Table 2 and 
on (47) is given by 
3006407 708327 283 441 6615 
b3,o-12446720' b3,1= 12446720' b3'2=-707---'2' b3'3-2288'  53,4= 1944------8' (48) 
441 14 86 8 1 
b3,5 --  2431' b3,6 - 561' b3,T - 3315' b3,8 ---- 255 '  b3,9 - -  ~-~. 
From (10) and for the values of parameters given above, we have that the phase-lag of the method 
is equal to 
t(H) = tan(H) HBs'4(H2) - H19 
As,4(H 2) 2654304406503750 + O(H21)" (49) 
For these values of b3j, l =, . . . .  8, we have that the interval of imaginary stability is equal to 
(0,7.3755). 
CASE V: PHASE-LAG OF ORDER 20. Application of the fifth block of the BRK55 method to (3) 
leads to (6) with 
As,s(H 2) = 1 - t2H 2 4- t4H 4 + t6 H6 + tsH s + tlO Hi°, 
Bs,s(H 2) = b4,0 + b4,1 + b4,2 + b4,3 + b4,4 + b4,5 + b4,6 + b4,7 + b4,8 + b4,9 + b4,10 (50) 
-- t3 H2  -}- tsH 4 + t7H 6 + t9 Hs +t l l  Hs,  
where 
$2 ---- 
10 86213120b4,1 + 633(182784b4,2 + 283(800b4,3 + 119(8b4,4 + 5(2b4,5 + 3 ~-':~i=6 54,~)))) 
319763115 
~3 
t4 ---= 
t5 
t6 = -- 
t7 ---- -- 
t8 = 
t9 = 
tl0 : -- 
tl l  -- 
10 91392b43 + 283(768b4,3 + 85(16b4,4 + 7(4b4,5 + 9 ~-']~=~ b4,i))) 
3030930 
96054,3 + 17(192b4,4 -t- 25(2054,5 -t- 63 ~__° 6 54,~)) 
160650 
945945b4,1o + 17(2288b4,4 + 5(2288b4,5 + 3(3575b4,6 + 7(520b4,7 + 3(175b4,8 + 176b4,9))))) 
22972950 
108108b4,1o + 17(572b4,5 + 9(572b4,6 + 7(91b4,7 + 3(32b4,8 + 33b4,9)))) 
13783770 
5313b4,1o + 17(143b4,6 + 221b4,7 + 14(19b4,8 + 21b4,9)) 
4594590 
594b4,1o 4- 17(13b4,7 -t- 23b4,s -t- 30b4,9) 
4594590 
48b4,1o 4- 17(b4,8 + 2b4,9) 
4594590 
38b4,1o + 17b4,9 
68918850 ' 
54,10 
68918850 (51) 
The solution of the system of equations produced based on the relations given in Table 2 and 
on (51) is given by 
5183681 
b4,o - 21498880' 
15435 
b4,s = 92378' 
14563431 429877 9093 15435 
b4,1 = 236487680' b4,2 = 11824384' b4,a = 43472' b4,4 = 46189' 
3038 268 22 9 1 
b4,6 = 138567' b4,7 = 12597' b4,8 -~ 9--~' b4,9 : 3~'  b4,10 - -  ~"~. 
(52) 
From (10) and for the values of parameters given above, we have that the phase-lag of the method 
is equal to 
t(H) = tan(H) HBs's(H2) H21 
As,5(H 2) = 947586673121838750 + O(H2S)" (53) 
For these values of b4j, I = 0, . . . ,  10 we have that the interval of imaginary stability is equal to 
(0,8.13059). 
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